ABSTRACT. In this paper we prove a sharp upper bound for the first Dirichlet eigenvalue of a class of nonlinear elliptic operators which includes the operator
INTRODUCTION
Let H : R n → [0, +∞[, n ≥ 2, be a convex, 1-homogeneous and C 1 (R 2 \ {0}) function. Here we deal with operators of the form
with 1 < p < ∞. In general, Q p is highly nonlinear, and extends some well-known classes of operators. In particular, for H(ξ) = (∑ k |ξ k | r ) 1/r , r > 1, Q p becomes Note that for r = 2, it coincides with the usual p-Laplace operator, while for r = p it is the so-called pseudo-p-Laplace operator. This kind of operator has been studied in several papers (see for instance [1] , [10] , [15] , [19] , [22] for p = 2, and [5] , [6] , [16] , [25] for 1 < p < ∞).
In this paper we consider the eigenvalue problem associated to Q p , namely
where Ω is a bounded convex open set of R n . Our aim is to extend to the first eigenvalue λ p (Ω) of the problem (1.1), some well-known estimates involving the first eigenvalue λ 1, 2 (Ω) of the Dirichlet-Laplacian. In this case, a classical result by Pólya contained in [29] gives the following upper bound for λ 1, 2 (Ω) in the plane:
connected, open set of R 2 , denoting by Ω # the ball centered at the origin with the same measure as Ω, then
where C is a universal sharp constant, which can be explicitly determined. Hence (1.3), together with the Faber-Krahn inequality, that is
gives a stability estimate for λ 1, 2 (Ω), namely
Recently, in [8] the authors have proved an estimate similar to (1.4), in any dimension, for the first Dirichlet-eigenvalue λ 1,p (Ω) of the p-Laplacian. In particular, they prove that, if Ω is a bounded convex open set of R n , then
whereΩ is the ball centered at the origin with the same perimeter as Ω. As matter of fact,
, we have that the left-hand side of (1.5) is nonnegative.
We stress that in [27] the author gives, in the case p = 2, the best value of the constant C(n, 2, Ω) in (1.5).
We recall that this kind of estimates have been studied also for a class of fully nonlinear elliptic problems, involving the so-called k-Hessian operators (see [17] ).
Our aim is to prove similar results for the first eigenvalue λ p (Ω) of (1.1) when Ω is a bounded, convex, open set of R n . The first result we show is a Pólya-type estimate, namely that
Here P H (Ω) denotes the anisotropic perimeter of Ω relative to the norm H (see Section 2 for the precise definitions). The second result we prove regards a stability estimate. If we denote by H o (ξ) the polar function of H, and byΩ the level set of H o with the same anisotropic perimeter as Ω, our result reads as follows.
Again the above inequality, in conjunction with the Faber-Krahn inequality for Q p (see [5] and Section 2.2), gives a stability estimate.
Last part of the paper is devoted to give a lower bound to the anisotropic p-torsional rigidity, namely the number τ p (Ω) > 0 such that
In the Euclidean case, in [29] and [24] the authors prove a lower bound for the p-torsional rigidity respectively for p = 2 and for a general 1 < p < +∞. Such results can be summarized in the estimate
where Ω ⊂ R 2 is a bounded convex open set.
Our aim is also to prove a similar result in the anisotropic case, for a general norm H of R n (see Theorem 5.1).
In order to obtain the quoted estimates in the case H(ξ) = |ξ|, the proof makes use of a particular class of test functions, depending on the Euclidean distance to the boundary, introduced in [29] and nowadays known as web functions (see for example [11] ). It seems be natural to consider, in our case, an analogous class of web functions, which depend on a distance to the boundary defined according to the general norm H.
The paper is organized as follows. In Section 2, we recall some useful properties of the functions H and H o and some basic definitions of the anisotropic perimeter and of convex analysis. Moreover, we recall the main properties of the first eigenvalue and of the p-torsional rigidity of Q p . Then, in Section 3 we prove some preliminary results involving the anisotropic distance to the boundary, necessary to obtain the main theorems. Finally, in Sections 4 and 5 we state precisely the main results and give the proofs.
NOTATION AND PRELIMINARIES

Anisotropic norm and perimeter. Let
Moreover, suppose that there exist two positive constants α ≤ β such that
We define the polar function
where ·, · is the usual scalar product of R n . It is easy to verify that also H o is a convex function which satisfies properties (2.1) and (2.2). Furthermore,
is the so-called Wulff shape centered at the origin. We put κ n = |W |, where |W | denotes the Lebesgue measure of W . More generally, we denote with W r (x 0 ) the set rW + x 0 , that is the Wulff shape centered at x 0 with measure κ n r n , and W r (0) = W r . The following properties of H and H o hold true (see for example [4] ): 
The anisotropic perimeter of a set K is finite if and only if the usual Euclidean perimeter P(K) is finite. Indeed, by properties (2.1) and (2.2) we have that
and then
An isoperimetric inequality for the anisotropic perimeter holds, namely
(see for example [9] , [13] , [23] , [1] ). We stress that in [18] an isoperimetric inequality for the anisotropic relative perimeter in the plane is studied.
Quermassintegrals and the Steiner formula in the anisotropic case.
We recall some basic tools of convex analysis, well-known in the Euclidean case. Let K be a convex body, and denote with
where the right-hand side denotes the j-th mixed volume of order n (see [31] and [2] ). In
In the Euclidean case, W H j is known as j−th quermassintegral of K. The monotonicity properties of the mixed volumes (see [31] ) give that W H j (K) is monotone increasing with respect to the inclusion of convex sets.
Moreover, for δ > 0, the following Steiner formulas hold ( [2] , [31] ):
Formula (2.6) immediately gives that
Finally, we recall the Aleksandrov-Fenchel inequalities, stated for W H j (see [2, Section 2.7]):
and the equality in (2.8) holds if and only if K is homothetic to W .
In particular, for i = 0 and j = 1 we obtain the isoperimetric inequality (2.5). Moreover, if i = 1 and j = 2, we have
Finally, we recall that, under some particular assumptions on H, when K has C 1,1 boundary then
where κ K H is the anisotropic mean curvature of K (see [3] for more details).
2.3. Eigenvalue problems for Q p . We deal with operators whose prototype is the following:
with 1 < p < +∞. We suppose that H verifies the hypotheses of the subsection 2.1, assuming also that H p (ξ) is a strictly convex function.
In all this subsection we will denote with Ω a bounded connected open set of R n . Let us consider the eigenvalue problem associated to the operator Q p in Ω, namely
In [5] it has been proved the following result:
Theorem 2.1. There exists the first eigenvalue of (2.9), namely λ p (Ω) > 0, and it is simple. Moreover, the first eigenfunctions have a sign and belong to C 1,α . Finally, the following variational formulation holds:
On the other hand, in [1] it is proved a Pólya-Szegö principle related to H. In order to recall this result, we denote with Ω ⋆ the Wulff shape centered at the origin with the same Lebesgue measure as Ω, and v ⋆ the so-called convex rearrangement of v with respect to H, that is the level sets of v ⋆ have the same measure as the level sets of v and they are homothetic to the Wulff shape.
Moreover, the equality case is characterized in the following result, contained in [20] and [21] :
and
An immediate consequence of Theorem 2.2 is the Faber-Krahn inequality for Q p (see again [5] ):
As matter of fact, by standard argument it is possible to show that when Ω is homothetic to a Wulff shape, the eigenfunctions related to λ p inherit some symmetry properties. More precisely, we have the following result. Theorem 2.4. Let v ∈ C 1,α a positive solution of
Then, there exists a function ϕ(r), r = H o (x), and x ∈ W R , such that
Proof. Let v be a first eigenfunction of (2.13) such that v L p = 1. Then, by simplicity of λ p , v is unique and
By (2.10), (2.11), (2.12) and regularity of v, it follows that v = v ⋆ and then v is a symmetrically decreasing function with respect to H o , and this gives the thesis.
Anisotropic p-torsional rigidity.
Let us consider the following problem:
with Ω bounded open set of R n , n ≥ 2. As before, we suppose that H verifies the hypotheses of the subsection 2.1, assuming also that H p (ξ) is a strictly convex function. Classical results guarantee that (2.14) admits a solution u p ∈ W 1,p 0 (Ω). Moreover, such solution is unique. Indeed, suppose that u 1 and u 2 are two solutions of (2.14). Then, for any
Choosing ϕ = u 1 − u 2 for i = 1, 2 and subtracting we have
Hence, being H p is strictly convex, this may happen if and only if u 1 = u 2 in Ω. As matter of fact, the solution of (2.14) is positive in Ω.
In view of the above considerations, we define the p-torsional anisotropic rigidity of Ω the number τ p (Ω) > 0 such that
where u p ∈ W 1,p 0 (Ω) is the unique solution of (2.14). A characterization of the anisotropic p-torsional rigidity is provided by the equality
where σ(Ω) is the best constant in the Sobolev inequality
and the solution u p of (2.14) realizes the maximum in (2.15). Indeed, let ϕ ∈ W 1,p 0 (Ω), ϕ ≡ 0 a nonnegative test function for (2.14). Using the definition (2.3) of polar function and (2.4), we have that
Hence, it follows that (2.16)
Clearly, the function u p verifies the equality in (2.16), and then (2.15) holds. A consequence of the anisotropic Pólya-Szegö inequality (Theorem 2.2) is the following upper bound for τ p (Ω). 
where Ω ⋆ is the Wulff shape centered at the origin with the same Lebesgue measure as Ω.
Proof. The characterization of τ p (Ω) in (2.15), the inequality (2.11) and the properties of rearrangements give that
where u ⋆ is the convex rearrangement of u with respect to H. Remark 2.1. Due to the symmetry of the problem, the value of τ p (Ω ⋆ ) can be explicitly calculated, obtaining from (2.17) that
where p ′ = p/(p − 1) and κ n is the measure of the Wulff shape W .
p-circular functions.
Now we recall the definition and some basic properties of certain generalized trigonometric functions called p-circular functions. We refer the reader, for example, to [7, 14, 26, 30] . Let us consider the function
Denote by z(s) the inverse function of F which is defined on the interval 0, 
The p-sine function, sin p is the following periodic extension of z(t):
and it is extended periodically to all R, with period 2π p .
Hence sin p is a odd 2π p -periodic function defined on the whole real line and it coincides with the usual sine function when p = 2.
The p-cosine function is defined as follows
and it is an even 2π p -periodic function. The study of p−circular functions is motivated also by the connection with the onedimensional p−Laplacian. Indeed, the function u(t
On the other hand, if we consider the minimum problem
the value λ is reached by the solutions of the problem
2 ) = 0. Then, using the explicit expression of the solutions, it is easy to show that
Hence, λ 0 = 1 is the first eigenvalue, reached at the functions φ(t) = a sin p t − π p 2 = −a cos p t, for any constant a. Such computations will be useful in the next sections. 
Finally, we recall that
SOME USEFUL PRELIMINARY RESULTS
Let Ω be a bounded convex open set of R n , and d H (x) the anisotropic distance of a point x ∈ Ω to the boundary ∂Ω, that is
By the property (2.4), the distance function d H (x) satisfies
Finally, we observe that the convexity of Ω gives that d H (x) is concave. For further properties of the anisotropic distance function we refer the reader to [12] . We denote by
where r Ω is the anisotropic inradius of Ω, that is r Ω = sup {r > 0 :
The general Brunn-Minkowski Theorem (see [31, p.339] ) and the concavity of the anisotropic distance function give that the function P H (Ω t ) is concave in [0, r Ω ]. Hence, the function P H (Ω t ), t ∈ [0, r Ω ] is a decreasing and absolutely continuous.
where the equality sign in (3.2) holds if Ω is homothetic to a Wulff shape.
Proof. We first recall that the function d H belongs to W 1,∞ (Ω), and H(Dd) = 1 almost everywhere. Hence, using the definition of P H and the coarea formula, for almost every t ∈]0, r Ω [ we have that
that is (3.1).
In order to show (3.2), it is not difficult to prove that
and the equality holds when Ω is homothetic to a Wulff shape. Since the perimeter is monotone with respect to the inclusion of convex sets, the above relation and (2.7) give that
An immediate consequence of Lemma 3.1 and that H(Dd H ) = 1 is the following result.
Then, for a.e. t ∈]0, r Ω [, 
where π p is given in (2.18).
Proof. Let g(t) = g(d H (x))
, where g is a nonnegative, increasing, sufficiently smooth function. Moreover, suppose that g(0) = 0. We observe that, being H(d H ) = 1, by the coarea formula we have
and, similarly,
Hence, denoting with P(t) = P H ({x ∈ Ω : d H > t}), using g(d H (x)) as test function in the Rayleigh quotient of (2.10), we have
. Now, we perform the change of variable
where we have denoted, for the sake of simplicity, A(t) = |{x ∈ Ω : d H (x) > t}|, and C is a positive constant which will be chosen in the next. Observe that A(0) = |Ω|.
Let h(s) be the function such that h(s) = g(t).
We stress that h(C) = 0 and h(s(t)) is decreasing, being g(0) = 0 and g(t) increasing. Then, substituting h in (4.2) and recalling (3.1) it follows that
Now we want to choose C and h in order to minimize the quantity in the right-hand side of (4.3). As matter of fact, such minimum does not depend on C, being
, where π p is defined in (2.18) we get
where A is the class of positive decreasing functions h ∈ W 1,p ([0,
2 ) = 0. On the other hand, using the properties of the p-circular function (see Section 2.5) we have that
Hence,
and the proof is completed. [29] and quoted in the introduction, allows to obtain a result analogous to the inequality (4.1). Indeed, by property (2.2), if w is an eigenfunction of the Dirichlet-Laplacian related to the first eigenvalue λ 1,2 (Ω), we have
Then, recalling that P H (Ω) ≤ βP(Ω), the above estimate for λ 2 (Ω) gives a larger bound than (4.1).
Remark 4.3.
We show that in a particular case, the estimate (4.1) is optimal. Let n = 2, and H(x, y) = (|x| p + |y| p ) 1/p . Hence the operator Q p is the pseudo-p-Laplacian, that is
Choosing
whereū is a first eigenfunction. As matter of fact, considering the Rayleigh quotient related to λ p (Ω), we have
We explicitly observe that the second inequality in (4.6) follows form the general inequality
where f and g are two nonnegative integrable functions in [c, d] , with g = 0. Joining (4.5) and (4.6) we get
Letting b → +∞, we get the required optimality. Hence, this example proves that the constant in (4.1) cannot be improved, in general, for any norm H of R n . 
